A recent experiment demonstrated four-wave mixing of wave packets in a sodium Bose-Einstein condensate ͓Deng et al., Nature ͑London͒ 398, 218 ͑1999͔͒. This was followed by a theoretical and numerical treatment of the experiment ͓Trippenbach et al., Phys. Rev. A 62, 023608 ͑2000͔͒. In the experiment, a short time of free expansion of the condensate, after it was released from the magnetic trap, was followed by a set of two Bragg pulses, which created moving wave packets. These wave packets, due to nonlinear interaction and under phase-matching conditions created a new momentum component in a four-wave mixing process. Here we suggest that, instead of exactly matching the frequencies as in the above-mentioned experiments, we admit a small mismatch in energies, and therefore frequencies ⌬. We show that such a small mismatch can compensate for the initial phases built on the condensate during free expansion. A physical explanation is offered. This compensation can be beneficial for the efficiency of the four-wave mixing, in some cases even increasing it by a factor of 2. Suppose two light pulses, each created by a suitably situated pair of ϭ589 nm lasers, are incident on a BoseEinstein Condensate ͑BEC͒ having zero mean momentum ( P ជ 1 ϭ0) ͓1͔. They create two daughter waves by the Bragg scattering. Their momenta will be P ជ 2 and P ជ 3 . Now these three waves in a single spin component medium can create a new wave packet with momentum P ជ 4 ϭ P ជ 1 Ϫ P ជ 2 ϩ P ជ 3 by nonlinear mixing, provided the frequencies also satisfy 4 ϭ 1 Ϫ 2 ϩ 3 , where i ϭ P i 2 /(2mប). The possibility of so generating a new wave packet was considered by several authors theoretically ͓2-6͔, and experimentally ͓1,7,8͔. Agreement between numerical and experimental results was very good ͓6͔.
Suppose two light pulses, each created by a suitably situated pair of ϭ589 nm lasers, are incident on a BoseEinstein Condensate ͑BEC͒ having zero mean momentum ( P ជ 1 ϭ0) ͓1͔. They create two daughter waves by the Bragg scattering. Their momenta will be P ជ 2 and P ជ 3 . Now these three waves in a single spin component medium can create a new wave packet with momentum P ជ 4 ϭ P ជ 1 Ϫ P ជ 2 ϩ P ជ 3 by nonlinear mixing, provided the frequencies also satisfy 4 ϭ 1 Ϫ 2 ϩ 3 , where i ϭ P i 2 /(2mប). The possibility of so generating a new wave packet was considered by several authors theoretically ͓2-6͔, and experimentally ͓1,7,8͔. Agreement between numerical and experimental results was very good ͓6͔.
We now propose an experiment in which the first of the phase-matching conditions is satisfied P ជ 1 Ϫ P ជ 2 ϩ P ជ 3 Ϫ P ជ 4 ϭ0, ͑1͒ but now 1 Ϫ 2 ϩ 3 Ϫ 4 ϭϪ⌬, ͉⌬͉Ӷ i . ͑2͒
Mismatches, such as we propose, are well known in nonlinear optics and plasmas ͓9,10͔. In optical media, three waves can mix nonlinearly to produce a fourth in a nonlinear dispersive background, even when there is a mismatch. However, the optical conservation laws differ from those in our, basically uniform, material medium, since they follow from different dispersion relations (k ជ ). In nonlinear optics and k ជ are related through the refractive index of the medium. This may depend on the direction of the wave vector. Plasmas furnish several possible scenarios ͓10͔. In spite of the differences, the idea that matching frequencies need not be exact can be carried over from these fields to matter waves in BECs. This possibility has recently been mentioned in a different BEC context ͓8͔. We will comment on this work further on.
Our condensate has one spin component and so can be described by a single Gross-Pitaevskii equation
Here N is the total number of atoms, ͉⌿͉ 2 is proportional to the atomic number density and is normalized to 1, U 0 ϭ4ប 2 a/m is the nonlinear interaction strength, m is the atomic mass, a is a scattering length, and V is a confining potential. A compact ground-state wave function ⌿(r ជ ,0) will be created in V and centered around rϭ0 with ⌿(0,0) ϭ⌿ m , the maximum value. Hence, we can define a nonlinear interaction time NL ϭ(U 0 N͉⌿ m ͉ 2 /ប) Ϫ1 . Once this ground state is created, V is turned off. The development of ⌿(r ជ ,t) is now described by Eq. ͑3͒ with Vϭ0. Later on, a set of the Bragg pulses is applied and parts of the condensate begin to move. Now we can define another time scale, col . It is determined by the time it takes two wave packets uniformly moving along x to move apart ͑so they just touch and cease to overlap͒, col ϭ2r TF /v where r TF is the initial radius of the condensate in the x direction ͑Thomas-Fermi approximation͒, and v is the relative velocity. We assume col Ͼ NL , which was satisfied in all experiments performed so far ͓7,8͔. Thus, we avoid substantial losses of particles from the condensate due to elastic collisions ͓11-14͔. Of course, both these quantities are approximate.
The initial condition immediately after application of the Bragg pulses at t 1 can be approximated as being a composition of the BEC wave packets, identical in shape to ⌿(r ជ ,t 1 ):
Here f i ϭN i /N is the fraction of atoms in wave packet i and
A new wave packet with P ជ 4 ϭ P ជ 1 Ϫ P ជ 2 ϩ P ជ 3 will build up, thanks to the nonlinear interactions accounted for by the last term in the Gross Pitaevskii equation ͑3͒. After a while, there will be four wave packets. Using the de Broglie relations k ជ i ϭ P ជ i /ប and i ϭបk i 2 /2m we have
with initial conditions
Variation of the ⌽ i is assumed to be slow as compared to that of the exponential in Eq. ͑5͒. Four equations for this slow dependence are obtained from Eqs. ͑3͒ and ͑5͒. However, we are mainly interested in the growth of ⌽ 4 , assuming the initially given ⌽ i , iϭ1,2,3, to vary little in shape but to move apart. We have, when V is turned off ͓11͔,
This equation governs ⌽ 4 creation in the presence of a frequency mismatch. It is valid as long as the pulses overlap, ϭtϪt 1 Ͻ col . The last term describes elastic scattering of different wave packets and is the cross section averaged over the angles. This scattering will deplete the emerging wave packets, though losses so caused are not of primary importance here, as they are negligible as long as the condition col Ͼ NL is satisfied. We start with the simplest case of no mismatch and laser pulses applied immediately after the trap is turned off. In the Thomas-Fermi approximation, the initial wave function of the condensate is ͓we write ⌿(0) instead of ⌿(0,0)]
and ⌿ 2 (0) is 0 when the right-hand side of Eq. ͑8͒ is nega-
. Equation ͑7͒ can be approximated by
where g(t) accounts for the gradual separation of the three wave packets. We have checked by numerics that the discarded terms in Eq. ͑7͒ are insignificant for our data. ͑For increased N and/or tighter traps, they would come into play.͒ The rate of separation of volume is initially almost uniform, and then slows down towards the end ͑to envisage this place two coins one of top of the other and slowly separate them͒. However, this is not the whole story, as ⌿ 2 (0) is not uniform, but decreases from the center to the edge. A good but simple model is given by
This model was arrived at by matching a numerical simulation of how the three wave packets separate. The time dependence of Eq. ͑10͒ closely follows the numerically found curve, has the same integral from tϭ0 to tϭ col , and has the additional asset of being convenient for theoretical calculations. Integrating Eq. ͑9͒ we obtain at separation
The signal will be proportional to ͉⌽ 4 ͉ 2 integrated over space. Thus, independent of the trap shape ͑trap frequencies in the numerator and denominator cancel͒,
The denominator comes from ͉⌿ m ͉ 2 in the numerator (͉⌿ m ͉ 4 has been absorbed in NL 2 ), Dependence on the shape of the trap is hidden in NL 2 . This estimate agrees with all our numerical simulations and those of Ref. ͓6͔ since, after separation, there was virtually no time dependence of N 4 . The next step is to include the effect of a mismatch in Eq. ͑9͒. Thus
The calculation of N 4 ( col ) is straightforward but cumbersome. Since Eq. ͑12͒ is approximate, a more accurate model is obtained by calculating N 4 (⌬, col )/N 4 (⌬ϭ0, col ), the denominator being given by Eq. ͑12͒ if needed. We obtain
͑14͒
Here ⍀ is the exit phase ⌬ col . This model is extremely successful ͑Fig. 1͒. As required, the expression on the righthand side gives one, as ⍀→0. For large ⍀, N 4 ϳ9/⍀ 2 . So far, nonzero ⌬ would seem to just decrease the fourth wave, and so to be undesirable. Figure 1 illustrates this model dependence as compared to the result of a full numerical simulation based on the set of four equations like Eq. ͑7͒.
Until now, all that was known from simulations was that if time elapsed between turning off the trap and turning on the laser beams, N 4 ( col ) was decreased ͑e.g., Fig. 8 of Ref.
͓6͔͒. However, when ⌬ is allowed, we see that the maximum of N 4 (⍀) is merely shifted and not decreased. Numerical calculations using a Split Step method, as described in Ref. ͓6͔ , but now for a range of parameters, suggest that the shift is nearly linear in the delay time t 1 ͑Figs. 1 and 2͒. The phase of ⌿(t 1 ) that develops as the BEC expands after the trap is turned off has been calculated by Castin and Dum ͑the amplitude varies little initially ͓15͔͒. For t 1 Ӷ1/ i ͑here i ϭͱ(2U 0 N/m)w i is a trap frequency͒, which is the case for most experiments so far, their results can be approximated by
͓alternatively this can be seen directly from Eq. ͑3͔͒. Since ⌽ 1 ⌽ 2 *⌽ 3 will bring this phase in once, it will appear once in an equation generalizing Eq. ͑13͒. Numerical calculations suggest that the effect of the delay t 1 is to add this entry phase to the exit phase ⍀. In other words, Eq. ͑14͒ is still valid, but with the substitution
⍀→⍀Ϫ⌰ . ͑16͒
By averaging over space we obtain
in good agreement with numerics ͑Fig. 2͒. Thus, we suggest that for maximum N 4 , a mismatch be introduced according to the rule ⌬ϭ 3 4 t 1 NL col . ͑18͒
Our mismatch compensates for the drop-induced phase up to t 1 . ͓In principle a similar phase develops after t 1 . This additional nonlinear phase was negligible in all cases that we studied here. It might become important for longer col . Presumably ⌬ would then become larger than that given by Eq. ͑18͒.͔ 3 . Population of the fourth wave packet normalized to the total number of atoms as a function of ⍀ϭ⌬ col . Different curves correspond to different free expansion times of the condensate ͑in s), between turn off of the trap and application of the Bragg pulses. In the numerical simulation we used Nϭ3ϫ10 6 sodium atoms, the three trapping frequencies are 59, 42, 30 Hz in the x, y, and z directions, respectively, the Bragg pulses of wavelength 589 nm, and equal populations of all three initial wave packets ( f i ϭ1/3). Here NL Ӎ111 s and col Ӎ644 s.
As our considerations were approximate, fine tuning may be needed. A doubling of the strength of the fourth wave can easily be achieved, see Fig. 3 . ͑This is the case for t 1 у1500 s.͒ Vogels, Xu, and Ketterle discuss the effect of frequency mismatch in a different class of experiment: two waves producing two new ones that grow via an instability ͓8͔. In their case, the effect of ⌬ would be difficult to observe, being swamped by the growth phenomena (␥ӷ⌬, where ␥ is the linear growth rate͒. Also, the two original waves in the experiment of Vogels et al. generated a background of wave pairs by collisions. These complications are absent in our 3 →1 scenario, and so the effect of ⌬ on the creation of a new wave should be easier to observe in our proposed experiment. Also this effect can be constructive in our case, but not obviously so in the experiment of Ref. ͓8͔.
In conclusion, we found a compensation mechanism for the drop phase depletion of the four-wave mixing process. The mechanism is roughly as follows: the free expansion diminishes the mixing efficiency due to the evolving spatial distribution of the internal kinetic energy within the wave packet, which leads to a stronger phase evolution in the center than near the surface. After the Bragg pulses are applied, the parent condensate is split into three daughter wave packets, which carry off the parent phase structure. In the mixing process these daughter wave packets move relative to each other. The center of the overlapping region, where the fourth wave is born, is moving towards a section of diminishing phase. This causes an additional time dependence of the source term on the right-hand side of Eq. ͑7͒ or Eq. ͑13͒. Our mismatch compensates for this, and as our numerics clearly document, improves the efficiency of the fourth wave packet generation.
In principle, it should be possible to set up experiments in which coherent four-wave mixing in a BEC medium takes place in the presence of an induced frequency mismatch. Our N 4 dependence on ⌬ col Ϫ3t 1 /(4t NL ) could be confirmed in the proposed experiment. We see from Figs. 1 and 3 that ⌬ can be chosen so as to enhance the fourth wave density. To optimize this, ⌬ col should exactly balance the inevitable trap-induced phase phenomenon.
Once again, the amazing validity of the Gross-Pitaevskii model would be demonstrated. Finally, we notice that similar compensation may also be applied in nonlinear optical phenomena. For example, in the process of third harmonic generation a small mismatch may compensate for self and crossphase modulation, which are also unavoidable.
